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The variational and diffusion Monte Carlo (DMC) methods have had unparallelled success in describing the ground state of the homogeneous electron gas (HEG) [1]. Over the past three decades, these 
theories have been methodically improved to yield increasingly accurate energies over a wide variety of densities. In spite of this however, they are still thought to contain residual error due to the 

fixed-node (FN) approximation and, although these are somewhat alleviated by use of homogeneous backflow transformations, the errors are thought to be around 10-3 a.u. per electron [2,3]. It is our 
intention here to use the newly-developed full configuration interaction quantum Monte Carlo (FCIQMC) method [4], in particular its initiator adaptation [5], to find the FCI energies of finite electron 

gases [6-8]. Employing the Vienna ab-initio simulation package (VASP) [9], we compare these to approximate quantum chemical methods for a variety of basis set sizes. Removing the remaining source 
of error in these energies, basis set incompleteness error, we compare the resultant exact energies to DMC energies obtained using the CASINO program [10].

Introduction

Exact Energies from FCIQMC
The aim of FCIQMC is to solve the imaginary 
time Schrödinger equation,

by performing a long-time integration 
to project out the ground state in which 
the wavefunction is expressed in a Slater 
determinant basis, 

The resultant FCI equations,

are solved using a stochastic representation of 
the wavefunction, based on walkers,

and spawning, annhiliation and death/
cloning events in Slater determinant space. 
When the shift (S) is equal to the total energy, 
these coefficients will stabilise at the exact 
FCI wavefunction for a sufficient number of 
walkers. We seek to solve these equations for 
the plane-wave HEG Hamiltonian,

The Initiator Adaptation

Efficient Removal of Basis Set Incompleteness Error
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FIG. 5: Comparison of correlation energy for the N = 14 system for (a) rs = 1.0 (b) rs = 5.0 retrieved as a function
of basis set size for a variety of quantum chemical methods.

B. Single-point extrapolation of CCD and

RPA+SOSEX

We now seek a momentum transfer vector cutoff
scheme for CCD and RPA+SOSEX, in particular aim-
ing to re-produce the properties of the union Eg-cutoff
explored in Sec. III. After performing a single calculation
in a basis set, which is now labelled M ′ for reasons that
will become clear shortly,

Ecorr′ (M ′) =
occ
∑

ij

M ′

∑

ab

χkakb

kikj
(M ′) . (32)

Applying the masking function P (g,g′) defined previ-
ously for the union Eg-cutoff,

P (g,g′; M) = Θ (g − gc) + Θ (g′ − gc)

− Θ (g − gc)Θ (g′ − gc) ,
(33)

which is associated with a basis set size M (described in
Sec. III), to Eq. (32) yields,

Ecorr,eff (M ′, M) =
occ
∑

ij

M ′

∑

ab

χkakb

kikj
(M ′)

× Pg (ki − ka,kj − ka; M) ,

(34)

where we have explicitly noted that this formulation of
the correlation energy is dependent on both M ′ and M .
These correlation energies are labelled both by a true
basis set size M ′ and what we will call an effective basis
set size M . We now follow the procedure of performing
a single calculation with M ′ spin orbitals, take the am-
plitudes and apply the relationship given in Eq. (34) for
different values of M .

Analyzing Eq. (34), it is possible to see that there are
two limiting values for Ecorr,eff. When M = 0, the effec-
tive basis set correlation energy is zero, and when M is
such that all possible momentum transfers are included
in the sum (when gc > kc+kf ), the effective basis set cor-
relation energy is simply the basis set correlation energy
E′

corr (Eq. (32)).
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FIG. 17: Basis set incompleteness error for
0.5 ≤ rs ≤ 5.0 for a variety of effective basis set sizes. In

contrast to Fig. 14, the M label here refers to an
effective basis set size derived during single point

extrapolation of the projected energy. Convergence is of
1/M form (dotted black lines) in the limit of M → ∞
and this limit does not appear to be approached more
slowly in M as rs is raised, although the curvature is
more pronounced at high rs. The basis set size M ′ for

these calculations is given in Table II.

cutoff analogous to the original energy cutoff for the cal-
culation. These are then multiplied by the coefficients
of the projected energy and re-summed at different new
energy cutoffs that are smaller than the original kinetic
energy cutoff that the simulation was performed.

In contrast to the original basis sets defined here, we
construct these effective basis sets by using cutoffs based
on the momentum transfer of each excitation. For ij →
ab, this is given by,

ka = ki + g ; kb = kj − g, (26)

or, equivalently,

ka = kj − g′ ; kb = ki + g′, (27)

due to conversation of momentum (ki + kj = ka + kb).
The masking function we have found to be most success-
ful is,

Pg (g,g′; Mg) = Θ (g − gc) + Θ (g′ − gc)

− Θ (g − gc)Θ (g′ − gc) ,
(28)

which denotes the union of the set of k-points enclosed by
two spheres of radius gc centred on the arguments of the
function, g and g′. This leads to an expression for the

energies of an effective basis set size M , due to different
effective cutoffs gc,

Ecorr,eff (M ′, M) =

occ
∑

ij

M ′

∑

ab

χkakb

kikj

× Pg (ki − ka,kj − ka; M) ,

(29)

This effective basis set size M , denotes a truncated basis
which encompasses twice the number of k-points enclosed
by a sphere of radius gc centred at the Γ-point. The
behaviour of the energies due to these effective basis sets,
in the limit that M ′ is large enough to completely enclose
all possible excitations of length gc, is also of form 1/M .
However, convergence on this linear behaviour is much
faster and we are able to compute approximate CBS limit
estimates from only one calculation. We therefore call
this single point extrapolation.

In Fig. 16 we show an example of this technique being
used to compute a CBS limit estimate from M ′ = 1850.
This agrees well with the CBS estimate from a normal
extrapolation as in Sec. IVA, however this single point
extrapolation scheme is found to converge at lower basis
set sizes M ′ (Fig. 16) as well as providing a reliable ex-
trapolation at each point. Errors in this technique arise
from coefficient relaxation, due to the changing value of
χkakb

kikj
as M ′ is varied. However, we find that there is

cancellation of errors between the approximate effective
basis energies and the resulting 1/M gradient, and so
convergence is rapid.

It is worthwhile pointing out that this scheme is a
marked contrast to the extrapolation scheme mentioned
before in Sec. IVA where separate calculations, each vari-
ationally the lowest energy achievable in a one-particle
basis set, were used to extrapolate to the CBS limit. It
is more common in the quantum chemical literature to
take this previous approach and as such single point ex-

trapolation goes against the prevailing literature. We ac-
cept that these results will only be entirely accurate in
the CBS limit of M ′ → ∞, but note that this limit can
be found systematically, and as such our results should
be treated as CBS estimates. Furthermore, in the HEG,
there is no orbital relaxation in the Hartree-Fock orbitals
as M increases, since they are exact. We nonetheless be-
lieve this approach to be a reasonable one to take in plane
wave systems, where there is great flexibility in the basis
set size and slow basis set convergence with respect to
spin orbital number, and in particular, is the most prac-
tical approach in terms of computational cost for the sys-
tems studied. Moreover, in real solid state systems, it is
currently necessary to use an auxiliary basis set to find
results at the complete basis set limit21.

In FCIQMC, the benefits of using a single point extrap-
olation are substantial, due to the effects of the initiator
approximation. The approximate form of the curve in
Fig. 16 appears to converge very rapidly with respect to
walker number, in particular allowing for an estimation of
where the linear regime begins at very low computational
cost. Furthermore, once a basis size has been chosen to

12

rs = 0.5

rs = 1.0

rs = 2.0

rs = 5.0

Nw → ∞

Nw

C
o
rr

el
a
ti
o
n

en
er

g
y

/
E

h

FIG. 13: Graphs of correlation energy retrieved with
respect to walker number with different rs, M = 186.

The Nw → ∞ limit corresponds to the correlation
energy for each of the systems. Convergence to this

limit is slower in Nw for larger rs-values.

FCIQMC energies obtained for rs = 0.5 − 5.0 a.u. are
given in Table I, which we present as new small-system
benchmarks. To our knowledge, systems of this small an
electron number but with nonetheless vast Hilbert spaces,
have not been studied to date and as such we have no
values to compare to. In a previous study, however, we
showed that FCIQMC results are highly competitive with
DMC results in the complete basis limit15.

As rs is raised, the difficulty of the problem for
i-FCIQMC rises sharply, which we can see from the en-
ergy retrieved against walker number in Fig. 13. Whilst
the rs = 0.5 calculation for the basis set shown is con-
verged at 104 walkers, the rs = 5.0 calculation takes 109

walkers to converge. We can attribute this to the lower-
ing of the sparsity of this representation of the wavefunc-
tion due to stronger correlation effects at larger rs. This
can be thought of as arising from the growing magnitude
of the off-diagonal matrix elements of the Hamiltonian in
the Slater Determinant basis relative to the diagonal ma-
trix elements. The extrapolation to the complete basis
set limit for these densities is shown in Fig. 14, and indi-
cate that the onset of the 1/M scaling regime is relatively
insensitive to this density. This is also demonstrated later
in Fig. 17.
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FIG. 14: Basis set incompleteness error for
0.5 ≤ rs ≤ 5.0 a.u. for a variety of basis set sizes.

Convergence is of 1/M form (dotted black lines) in the
limit of M → ∞, and the rate of convergence to this

limit does not appear to change as rs is raised. This is
partly because the magnitude of the basis set

incompleteness error decreases with increasing rs, and
therefore an estimate of the complete basis set result is
less sensitive to the precise form and behavior of the

extrapolation.

D. Using a single point extrapolation of the

projected energy to achieve complete basis set

estimates

In a separate study of basis set convergence in plane
wave wavefunction methods by the authors, yet to be
published, it was shown that it is possible to use a sin-
gle large basis set calculation to yield an estimate of the
CBS correlation energy for the HEG. This is achieved
by dividing the contributions to the energy from a sin-
gle large basis set calculation into regions of momentum
space, producing smaller, effective basis sets from which
the CBS limit can be estimated by extrapolation.

Starting from the formulation of the FCIQMC corre-
lation energy that we are using, the projected energy
(defined in Eq. 11),

Eproj =
∑

j

〈Dj|H |D0〉
cj
c0

, (20)

where j refers to double excitations of the Hartree-Fock
determinant. We can divide this into individual contri-
butions from sets of four k-points, which uniquely define
the four one-electron states for each double excitation
ij → ab, where ij are occupied in the Hartree-Fock de-
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D. Using a single point extrapolation of the

projected energy to achieve complete basis set

estimates

In a separate study of basis set convergence in plane
wave wavefunction methods by the authors, yet to be
published, it was shown that it is possible to use a sin-
gle large basis set calculation to yield an estimate of the
CBS correlation energy for the HEG. This is achieved
by dividing the contributions to the energy from a sin-
gle large basis set calculation into regions of momentum
space, producing smaller, effective basis sets from which
the CBS limit can be estimated by extrapolation.

Starting from the formulation of the FCIQMC corre-
lation energy that we are using, the projected energy
(defined in Eq. 11),

Eproj =
∑

j

〈Dj|H |D0〉
cj
c0

, (20)

where j refers to double excitations of the Hartree-Fock
determinant. We can divide this into individual contri-
butions from sets of four k-points, which uniquely define
the four one-electron states for each double excitation
ij → ab, where ij are occupied in the Hartree-Fock de-

Benchmarking Finite-Basis Energies

Quantifying Residual Error in Diffusion Monte Carlo

dCi

d⌧
= (Hii  S)Ci +

X

j6=i

HijCj

Ci / Ni

In the initiator adaptation to FCIQMC, 
when considering flux onto an empty 
site, only those determinants exceeding a 
certain population size are considered. This 
stabilises populations at a greater range 
of walker numbers (Nw) allowing for more 
correlation energy estimates to be found. 
However, the infinite walker number limit 
needs to be recovered. This is demonstrated 
for the N=14 system (right). This also 
shows that as the density is lowered, the 
difficulty in convergence rises due to a rising 
correlation strength.

N=14 absolute correlation energies for rs=1.0 (left) and rs=5.0 (right) are compared between 
i-FCIQMC and more approximate methods.

Basis set error can be removed by extrapolation in a manner similar to molecular systems, and 
similarly behaves as 1/M where M is the number of basis functions (left). In recent studies [7,8] 
we have found that improved convergence properties result from using basis set truncations 
which are different for each electron pair and based on the momentum transfer vector (right), 
rather than a conventional sphere in reciprocal space.

Comparison between (complete basis set) 
FCIQMC and DMC energies for a range of 

densities (N=14). The difference can be 
attributed to error due to the fixed-node 

approximation.

The error decreases with falling density, 
empircally found as Log(rs) (N=14). The 

decrease of fixed-node error with lowered 
density is consistent with previous findings  

in the HEG[3].

The FCIQMC-DMC energy gap changes rapidly 
with changing electron number (non-zero 

twist angle), apparently reflecting the shell-
filling effects that also cause fluctuation in the 

correlation energy, due to finite size effects.

The energy gap also changes dramatically 
for different minima in the simulation-cell 
first Brillouin zone. For the N=16 example 
shown, there are only 5 unique ground-

state correlation energies.


