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KOOPMANS’ THM! 

Unconventional Use of CC Theory? 



CORRECT WAVEFUNCTION HAS TO 
BE AN EXPONENTIAL OF 

CONNECTED OPERATORS! 

Ψ=exp(T)|0› 
Hence, coupled-cluster theory!!! 

•SIZE-EXTENSIVE (No unlinked diagrams). 
•RAPID SATURATION OF DYNAMIC CORRELATION 

•CONNECTED EXPRESSIONS FOR AMPLITUDES (No CI evaluation.) 
•INFINITE SUMMATION OF MBPT DIAGRAMS 

•ITERATIONS GIVE MBPT(2), (3), (4), … 
•ANY PROPERTY, DENSITY MATRICES, ANALYTICAL GRADIENTS,  

ANY SPECTRA, IR, RAMAN, NMR,… 
• NO DECISIONS FOR USER EXCEPT BASIS, LEVEL OF CORRELATION 

 
 

R. J. Bartlett and M. Musial, “Coupled-cluster theory in quantum chemistry”, 
 Revs. of Mod. Phys. 79, 291-352 (2007). 
 



EOM-CC FOR  
EXCITED STATES 

(E0 - H)Ψ0 = 0                GROUND STATE 
(E0- H)ΨK = ωKΨK      EXCITED STATE 
 
ΨK =Rkexp(T)|0› Rk is an operator that can create excited, 
ionized, or electron attached, doubly ionized,… states--- 
 
[T, Rk] = 0 
Subtract the ground state equation from the excited state, 
to give 
 
[e-T H eT,Rk]|0› = (Ħ, Rk)C |0› = ωKRk|0› 
‹0|(Lk Ħ) = ‹0|Lk ωK 
 
 
 



 
Example of a CC accessible problem:  

Cytosine-Guanine Watson-Crick stacked dimer 

1154 basis functions 
58 atoms 
216 electrons 



The alternative to explicit two-particle theories like 
CC, MBPT, CI, MCSCF, VB,…are effective 
independent particle theories--- 
 
heff(1)ϕp(1) = εp ϕp(1) 
 
Φ0 =A(ϕ1(1) ϕ2(2)... ϕn(n))  
 
heff(1)=t(1) + v(1) + J(1) + Vx(1) + Vc(1) 
 
where all essential electron-correlation effects are 
hidden into an effective one-particle operator. DFT 
formally accomplishes this, along with some other 
options. 
 
Critical to aufbau principles and photo-electron 
spectra is that εk ≈ -I(k). 
 
 



 Kohn-Sham Density Functional Theory (DFT)? 

It’s fast, cheap, ‘correlated,’  insensitive to most basis set extensions 
and easy to use. There is also the idea that further parameterizations will  
enable it to improve its predictions as in all semi-empirical theory.  
 
’ But DFT is fatally flawed.  

(1) It cannot account for self-interaction (SIE). (Evaluate Σ〈ii|ii〉 and  
see how big an error  DFT Introduces in step one. That has to be overcome  
subsequently in Exc[ρ],) 
 
(2)  Its SIE affects activation barriers, ionization potentials, electron affinities,  
and Rydberg excited states.  
 
(3) It suffers from the integer-discontinuity condition. 
 
(4) It eliminates spin eigenstates and spin properties.  
(How does it account for degeneracies in transition metal systems, as in multiplets?) 
 
(5) It cannot describe weak (vdW) interactions.  
 
(6)  It does not account for charge-transfer in excited states. 
 
(7) But most of all, DFT does not guarantee convergence to the RIGHT answer! 



Facts of Life 
• All methods are special cases of the Schrödinger (Dirac) Eqn. 
• Its coupled-cluster solutions, ψ=(exp(T)|Φ〉, and  EOM-CC 

extensions, ψX=RX|ψ0〉, ωX =EX-E0,, provides the best   
numerical solutions available for the largest number of  (CC 
accessible) problems. 

• There are no self-interaction, dispersion, integer discontinuity, 
charge-transfer, long-range behavior, …., problems.  

• (There are basis set limitations and poor scaling with their 
number. Explicit R12, F12 helps.) 

• (No established multi-reference CC approach yet that can 
compete with single –reference CC..) 
 

All the problems that keep the DFT world busy, are automatically 
accommodated by WFT. So why not work down from the S eqn 
to correlated orbital theory models, including KS-DFT? 

 



OUTLINE 
1. Is it possible to get exact effective one-particle equations for orbitals (COT) 
                             heffφP(1)=εp φP(1) from first principles ?   
 
2. Is the Ip condition that  ΔIm= E(N-1)-E (N) , where εp ⋍-I(i) satisfied? The exact orbital 
dependent’ functional’ of such a COT is then EC= Σ<ab||ij>tij

ab  .  
 

3. Can we approximately replace  the  non-local operators in COT with local ones as in  
KS-DFT?   
 
4.  Are the potentials generated qualitatively different than in GGA’s, hybrids, etc?  
 
5.   If the Ip condition is satisfied for the potential,  meaning the self-consistent 
orbitals and density are changed, does that pay dividends  for energies and other  
properties?  
 
6. What is the role of self-interaction in satisfying the Ip property? 

 
7.  Can the correlation  potential be converged just as correlated, ab initio quantum 
chemistry  can be for the wavefunction and all its properties?  
 
8.  RPA, the sum of just Coulomb ring diagrams in CCD is very popular in DFT., but few  
examples  actually generate the self-consistent VC(RPA).  Our methods do this. 
 
9. What is its effect on energies and Ip’s? 
 
Conclusions 
 

 
 
 
 
 

 
 
 

 



1. Is it possible to get exact effective one-
particle equations for orbitals? 

 
                  heffφP(1) = εp φP(1) ? 
 
                      εi=-I(i).  εa=A(a) 
 



 
 

Method is required to fulfill this condition and that for EA’s for unoccupied orbs.  



     

     

     
     

     

     

     

     

What we  do goes something like this… 

The first two terms are <a|f|i> =  fai = 0 in HF. 
Adding VR0V starts to add correlation, VC, so heff=f+VC 

One-particle operator→ 
 

Brueckner Orbitals 



Next step is to get the heff,  and its orbital energies in COT, and 
show that the latter are principal Ip’s and Ea’s. 



S�t �a�n�d�a�r �d� �L���w�d�i�n� � �p�a�r�t�i�t�i�o�n�i�n�g�&  �
 �P�-� �c�o�n�s�i�s�t �s� �o�f� �a�l�l� �o�n�e�-�h�o�l�e� �d �e�t �e�r�m�i�n�a�n�t�s�,� �Q�-� �
a�l�l � �h�i�g�h�e�r � �2�h�1�p�,� �3�h�2�p�,� �e�t�c�.� �
 �P�+� �c�o�n�s�i�s�t �s� �o�f� �a�l�l� �o�n�e�-�p�a�r�t�i�c�l �e � �d�e�t�e�r�m�i�n�a�n�t�s�.� �
Q�+� � �i�n�d�i�c�a�t �e�s� �t�h�e� �r�e�s�t�.� �

N�o�t�e�:� �o�n�e�-�p�a�r�t�i�c�l�e� �
f�o�r�m�.� �

But such a frequency dependent  form will not be the 
same for all orbitals! This is like the Dyson equation. 



          
S�o� �i�n�s�t �e�a�d�,� �c�o�n�s�i�d�e�r� �t�h�e� �p�a�r �t �i�t�i�o�n�i�n�g� �&  �

This gives us two equations, one for the 
effective hamiltonian, GPP,  and the other for 
The RQP operators in IP(EA)-EOM-CC… 

     

     



T�h�i�s� �d�e�f�i �n�e�s� �a� �s�e�t� �o�f� �(�r�i�g�h�t�-�h�a�n�d�) � �o�r�b�i �t�a�l�s� �w�h�o�s�e� �
e�i �g�e�n�v�a�l �u�e�s � �a�r �e� �t �h�e� �E�X�A�C�T� �p�r�i�n�c�i�p�a�l� �I�p�� s� �a�n�d� �E�a�� s� �



     

     

The correlation orbital potential in g, is…. 

It has two terms, one from the ground state 
correlation, tij

ab   and the other deriving from new  
correlation for the ionized states,  skl

md, but in 
such a way that they are the same for every Ip or 
Ea when considering the unoccupied orbitals. 
 

+ 



          
     

In second-order these terms become  relative to HF orbitals… 

Dyson-like terms, but frequency independent 

These are the extra terms that show up for 
Brueckner or Kohn-Sham orbitals….. 



HARTREE-FOCK CORRELATED ORBITAL THEORY 

     

     

=� �0� �



Now we know there is an exact, effective one-particle 
theory that has the property that it gives the exact  
principal Ip’s and Ea’s.  Can DFT be viewed as an  
approximation to this exact theory? 



Our definition of a “consistent” DFT is one whose functional 
provides total energy properties accurately, and whose 
potential provides eigenvalues that are good approximations 
to all the principal Ip’s.  

There are three inter-related quantities In KS-DFT.  
The energy functional, the potential, usually defined as a 
derivative of the functional, and the density built from the KS orbitals.  
The latter can be no better than the potential. That is the weak link! 



2. Is the Ip condition that  
 
ΔIm= EDFT (N-1)-EDFT (N) ⋍ ϵm satisfied?  



  

“  Using TD-DFT in the adiabatic approximation, and simply the 
assumption that an electron  is excited into the continuum, subject to a 
local kernel and using the fact that all integrals involving continuum and 
occupied orbitals vanish from A  and B matrices,  the eigenvalues of the 
KS equations using realistic OEP based potentials should approximately 
correspond to ionization potentials “ 
 
                                           R. J. Bartlett, V. F. Lotrich and I. V.  Schweigert,  
JCP,  2005 

“ Given the auxiliary nature of the KS orbitals-just N orbitals the sum of squares 
  of which add up to the true total electron density-one should expect no  
  simple physical meaning for the Kohn-Sham orbitals energies. There is none. “ 
Parr and Yang  Book 

Relationship of Potential to Orbital Energies, Ip’s. 

“The individual eigenfunctions and eigenvalues, εj and φj, of 
the KS equations  have no strict physical significance…” 
W. Kohn, A. Becke, and R. G. Parr 
 



     

     

     

TDDFT (adiabatic) Eqns. 

When you add a  z (zero) fxn to  your basis set, it will take the place 
of a virtual orbital, a,  with zero energy and zero overlap 
with any other function in the square-integrable basis 
set. Thus all integrals and ϵZ = 0, so the only terms left are the 
occupied orbital energies, ϵi. Therefore they must correspond 
to ionization potentials!  

We actually use this trick to make an excited 
state EOM-CC program give results for ionized states, eg. 

fστ(1,2)=δVXC(2)/δρ(1) 

     



D. P. Chong, O Gritsenko, E. V. Baerends, approximately related 
the KS-DFT eigenvalues to the solutions of Dyson’s Eqn. 
showing that they included orbital relaxation and should be 
better than Koopmans’.(JCP, 2002.) 
 

Others have reached similar conclusions differently. 

Hence, we expect the KS eigenvalues to correspond  
to principal ionization potentials for all orbitals, not just 
for the homo!  When the potential ensures this and the functional 
provides total energies accurately, we define that as a  ‘Consistent’ DFT. 

None of the functionals being  used today are consistent! 



Do explicit density functionals satisfy this theorem? 

 HF, HCN, N2, C2H2, F2, NH3, H2O, H2CO, CH4, C2H4  



How about the HOMO Condition? 



Does any DFT method have this property? 
And still provide accurate total energy properties? 
 

Yes, ab initio dft. This naturally corrects for 
self-interaction and for the long-range behavior 
of the functional. 



Numerical evidence for the IP Theorem : 

Importance of the non-local exchange in the KS operator.  

Optimized Effective Potential for Exchange and Correlation 



3. Can we replace  the  non-local 
operators in COT with local ones 
as in KS-DFT?   



That’s how do we do ab initio dft.  



Optimized Effective Potential 

X(r1,r2) = 2Σφ*
i (r1)φa(r1)φ*

a(r2)φa(r2)/(fii – faa)  
         Make Matrix Representation,  X 

XVX = Y(1) (Ki a = Σ j〈aj|ji〉; ρ(1) = 0)  Exchange Only OEP.   
Functional is EXX = -½Σi,j<ij|ji>, Potential, OEPx = OEP1 
 
XVC = Y(2) (fi

a, 〈ab|ij〉; ρ(2) = 0)   
Correlation  Functional is E2 from MBPT2 ,  
I<J,A<B (2<IJ|AB>-<IJ|BA>)<IJ|AB>/(fII- fJJ+ fAA+ fBB) 
 
 + 2I,A |<I|f|A>|2/(fIi -fAA ) +…    Potential is OEP2sc. 
 
XV(2)

XC = Y(1+2)  (Ki a  , fi
a, 〈ab|ij〉; ; ρ(1+2) = 0),  

X-1 uses generalized inverse from SVD 
 
Insert V(2)

XC in KS eqns, and iterate to self-consistency. 
 

If want a higher approximation like RPA, linCCD, CCD, CCSD,… 
Can do in the same way by adjusting the right-hand Y(∞), and ρ(∞) = 0 



4.  Are the potentials generated 
any different than PBE, eg? 





NOW FOR CORRELATION. 



Now for the OEP (Optimized Effective Potential) for correlation… 
 
         1. Take orbital-dependent correlation function from wave-function theory 
(MBPT-2, CC, RPA, etc). 2. Impose the density condition that the KS determinant 
has to provide the correct, correlated density to unambiguously define VXC  
3. However,  the method requires an H=H0+V where V is a well-behaved correlation  
perturbation. Our semi-canonical choice is contrary to that used in DFT circles. 
4. Employ the response function in matrix representation, X,  to define the eqns to 
 be solved. 
5. Solve them using a generalized inverse (SVD) for the X.  
 
            
                      
                        

Semi-canonical Choice : 

Kohn-Sham Choice :  

GMBPT-Self-interaction free 

Has diagonal and  
other large one-particle 
terms in V 



Real Space! ! 



Table 1. Total energies 

-128.08020 -128.06871 -128.06757 No conv -128.06679 Ne+ 

-128.86513 -128.86584 -128.86117 -128.95144 -128.85959 Ne 

-150.22156 -150.25505 -150.22187 No conv -150.20577 O2 

-112.73989 -112.72994 -112.73481 No conv -112.70221 CO+ 

-113.25124 -113.23959 -113.23781 No conv -113.22852 CO 

-92.796498 -92.783715 -92.780718 No conv -92.772714 CN- 

-92.658287 -92.646898 -92.651919 No conv -92.598196 CN 

-75.921765 -75.912146 -75.902958 -75.989525 -75.901155 H2O+ 

-76.383576 -76.369991 -76.373092 -76.510744 -76.370003 H2O 

-54.564854 -54.535569 -54.545199 -54.593111 -54.544740 N 

-108.90055 -108.89077 -108.90544 No conv -108.88633 N2
+ 

-109.46861 -109.45707 -109.45777 -109.74806 -109.44914 N2 

CCSD(T) PBE OEP2-sc OEP2-ks 
KS Choice 

   MP2 

58.2 
AAE 
(KJ/mol) 

 (au)) 

26.7 36.2 







Arguments for OEP based upon MBPT2 
and LinCCD (ab initio dft) 

 
•Functional includes exact exchange, which eliminates self-interaction errors. 
•KS based PT fails miserably for correlation.VXC = OEP2sc fixes the problem. 
•E(OEP2sc) is rigorously correct in the high-density limit. 
•The LinCCD extension is a non-perturbative, infinite-order generalization. 
•Hermitian. 
•Orbital energies provide excellent approximations to all-valence ionization 
 potentials. 
•Adding 50% K to 50% VX(OEP2sc) provide excellent core ionization potentials. 
•A KS method that is fully consistent, in that it provides both  
excellent total energy properties (better than MP2) and a VXC that gives   
ionization potentials as the eigenvalues of the KS system. 
•Provides dispersion interactions as a natural consequence of KS-DFT. 
 
 
 
 

E(ab initio dft)=TS + Vext + EH + EX + EC 
EC=EC(GMBPT2) 
EC=EC(LinCCD)     
All functionals are orbital dependent, and 
thus non-local. Potentials, VXC, are local. 



5. If the Ip condition is satisfied for 
the potential,  meaning the orbitals 
and  density are changed, does that 
pay dividends  for energies and other 
properties?  
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6. What is the role of self-interaction in 
satisfying the Ip property? 



Why does ab initio dft have to give 
the right Koopmans’ Ip’s? 

The functional is…. 
 
E(neutral)=Σi<i|h|i>+½Σi,j<ij||ij>+EC  No SIE. 
 
E(cation)=Σi≠m<i|h|i>+½Σi,j≠m<ij||ij>+EC(≠m) 
 
 
E(cation) - E(neutral) = I(m)! 
If the potential generated from the OEP procedure 
is faithful to the energy functional, our Ip proof  
requires that…  
 heffφm = (t + vext + J + VX

OEP+ VC
OEP) φm = εmφm 

 
I(m) ⋍ -εm

 



7.   Can the correlation  potential be converged 
just as correlated, ab initio quantum chemistry  
can be for the wavefunction and all its properties?  



He Correlation Potentials 
 
Irek Grabowski, A. M. Teal, S. Smiga, K. Jankowski, R. J. Bartlett,  
JCP, 2011.. 
 



Ne Correlation Potential 



Ar Correlation Potential 



 
8.  RPA, the sum of just Coulomb ring diagrams in 
CCD is very popular in DFT, but few examples  
actually generate the self-consistent VC(RPA). What is 
its effect on energies and  Ip’s? 



Functionals from Adiabatic connection/fluctuation-dissipation framework  

Problems: 
    1. Deal with coupling constant and frequency integration. 
    2. Solve Dyson type equation :  
    3. Deal with the kernel. But RPA is the first approximation. 
    4. Corresponding xc-potentials are difficult to construct makes SCF KS calculation  
         computationally very demanding. 
     5. Post SCF implementations pose the problem of best reference orbitals. 
     6. Since, the exact analytical form of the kernel is unknown, going to the next  
         hierarchy in approximation is not very straight forward. 

ANOTHER APPROACH 

But we can avoid any coupling-constant and frequency integration 
by simply taking the RPA expression from wavefunction theory,  
as the Coulomb-only sum of ring diagrams in CCD, and inserting them 
Into our eqns for the density condition, just as we did with MBPT2, to define 
self-consistent potentials. 



Goldstone diagrams for T2 using  doubly occupied spatial orbitals. 

Coulomb 

Coulomb 

Coulomb 



RPA Eqns from CC viewpoint. 



Correlation potential due to RPA (ring-CCD) and beyond RPA (ring-CCD) 
such a lin-CCD, CCD 



Arguments for RPA Treatment of 
Correlation 

 
•Method uses exact exchange, which eliminates self-interaction errors. 
•The RPA extension is a non-perturbative, infinite-order generalization that  
reduces to MBPT2 in the high-density limit. 
•It is finite for metallic systems.  
•It is size-extensive. 
•RPA yields molecular interaction energies in the coupled- KS monomer level for 
 large intermolecular separations. 
•Correct for the high-density electron gas, meaning that the long-range  
interactions are properly included. 
•Hermitian 
 
 

 
 
 
 

ERPA    = TS  +  Vext  +  EH  +  EX  +  ECRPA 
   
 
  
 

Coulomb Attenuation: The largest single perturbation is the 
Coulomb one. Sum it first to all orders, and then other terms 
might be treated with PT. 



And back to Koopmans’ Thm--- 



Ionization Potentials for all Orbitals in Molecules (ev) 



 If you do everything comparatively right in DFT (ie ab initio 
dft)---what have we learned? 
• Potentials have the correct shell structure and formally the 
correct asymptotic behavior. 
• Self-interaction is properly handled. 
• Dispersion interactions are correctly described. 
• DFT orbital energies are given meaning by an analog 
of Koopmans’ approximation for all ionization 
potentials, but for relaxed orbitals. 
• There is no integer discontinuity problem. 
• Results are usually better than that of standard DFT, and 
are in many cases competitive with coupled-cluster theory, 
even when using only a MBPT(2) functional. 
• Using higher-order coupled-cluster functionals further 
improves the potentials, demonstrating convergence.  
 

 

             



CONCLUSIONS 
1. It is possible to get exact effective one-particle equations for orbitals (COT) 
                             heffφP(1)=εp φP(1)    
 
2. The Ip condition that  ΔIm= EXC(N-1)-EXC (N) , where εp =-I(i) is satisfied. The exact orbital 
dependent’ functional’ of such a COT is then EXC= Σ<ab||ij>tij

ab  . . 
 

3. To a good approximation we can replace  the  non-local operators in COT with  
local ones as in KS-DFT, but the functional should remain non-local. 
 
4. The potentials generated  are dramatically different than in PBE. (or any other choice.) 
 
5. When the Ip condition is satisfied for the potential the theory gives improved results  
for energies and other properties. 
 
6.. Correct self-interaction is critical in satisfying the Ip property. 

 
7. The correlation  potential shows convergence with level of theory, MBPT2, RPA, LinCCD, 
CCSD, CCSD(T),  as does correlated, ab initio quantum chemistry. 
 
8. RPA  self-consistent correlation potentials were generated from the KS density condition,  
showing similar shape to other correlated theories and providing accurate results for 
Ionization potentials as eigenvalues, even though RPA does not correspond to a correct  
Fermion wavefunction. Using RPA to attenuate the Coulomb interaction, makes other  
corrections like exchange  and subsequent correlation smaller. 
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